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The modeling of viscous losses in acoustic wave transmission through tubes by a boundary layer
approximation is valid if the thickness of the boundary layer is small compared to the hydraulic
radius. A method was found to describe the viscous losses that extends the frequency range of the
model to very low frequencies and very thin tubes. For higher frequencies, this method includes
asymptotically the spectral effects of the boundary layer approximation. The method provides a
simplification for the rational approximation of the spectral effects of viscous losse00&
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I. INTRODUCTION the hydraulic radiufRk= Ay/#. This is the boundary layer

Our immediate goal is to realize relatively accurate ap_?pbproxflmatlon. Tot.obt?m the ret1rt]e ?If thi. vl?jlume dfldn:vmb
proximations of viscous effects in digital filter designs that.ut € ot C(;OSS'S?E |otna t?rdbo’ N t(')w ||e n(.ae s 1o be
can be used to simulate one-dimensional wave propagatio'ﬂ egrated over the fracts cross-sectional area.

in tubes, such as the vocal tract or certain musical instru- Py Py iwp

ments. This paper deals with the following prerequisite for ~ U(w)=— Top Ao— Top exp{ - TZ) dA}-

digital simulation: Viscous losses depend on transcendental Ao &)
functions of frequency that must be approximated using ra- o _
tional functions, i.e., ratios of polynomials. If the boundary layer is thin compared to the hydraulic ra-

dius, the integration of the exponential can be carried out
from the boundary wall to infinity, and multiplied by the
circumference of the tract. The result is
AO 1 SO 14
Following Lighthill (Ref. 1, pp. 128—136 we consider U(s)=—px(s)—<11- 2 \3
fluid flow in a regionz>0 above a wall az=0, with a small P _ 0 _ _
spatially uniform pressure gradiept= dp./dx only in thex where nows replaces w as the generalized frequency vari-
direction that oscillates at a circular frequensyThe result-  able, so thatJ(s) represents the Laplace transform of the
ing equilibrium of forces is volume velocity, andv=u/p=0.168 cni/s is the kinematic
5 2 viscosity in air at 37 °C. This boundary layer approximation
o ou - ou breaks d low f ies and/ I ional
e Dt u— Of —iwpU+u—=D.. 1) reaks down at low frequencies and/or small cross-sectiona
P PxTm =~ P M ——7 = Px ( . . . . .
ot Iz 9z areas. For these situations the imposed pressure gradient is

In the frequency representation, the flawaries as expt).  1argely balanced by viscous stress over most of the cross-
A solution to this equation, satisfying the boundary conditionS€ctional area. Two distinct duct shapes are considered in the
u(z,w)=0 for z=0 and at the same time the condition of following: the rectangular duct and cylindrical duct.

being finite forz— oo, is the following:
Px iwp . .
u(z,w)=— i l-—exp —\/—2z]|. (2) B. Symmetric flow in a flat rectangular duct
wp M
In a shallow duct that has an ardg=2Rb, with b

Fc.)th—;oo :hte; patrrtllctle veII(()jcrl]tyu(zl,)w), ret()itupesdtg:c Iﬁe ﬂ_OW >R, and whereR is half the height andb is the cross length
without rotation that would have been obtained IT the VISCOS+¢ yne gy ct, it is reasonable to assume that the flow is maxi-
ity was neglecteduy=—p,/(iwp). This equation is ap-

. ; . . .., mal near the geometrical center of the duct, as shown in
proximately correct for axial acoustic flow in a duct with Fig. 1

sufficiently large cross-sectional ar@g. That is, for a given
frequencyw the value ofz at which the exponential in the
equation becomes nearly zero should be small compared

Il. VISCOUS LOSS

A. Boundary layer approximation

: 4

Let z be a variable that parametrizes the rectangular duct
cross section as follows is zero at the center plane and
ecomes equal tR at one of the walls. Assuming that the
flow is symmetric, the following constraints hold(R)=0

IA preliminary version was presented at the 145th Meeting of the Acousti-as before, and’(0)=0, and the unique solution to EQ.) is
cal Society of America as poster 5aSC22, titled “Pag@roximations for

boundary-layer losses in articulatory synthesis.” cosh{zys/v)
PElectronic mail: rewt@cresslic.net ur,s)=——py| 1—- —=1, (5)
9Electronic mail: rsmcgowan@cresslic.net Sp coshRys/v)
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FIG. 1. Expected symmetrical flow through a narrow rectangular duct.

again replacingw by s. For sufficiently high frequencies or

large cross sections of the duct, the cosh-flow profile looks
very much like that of the boundary layer approximation, Eq.

(2), but for low frequencies or smalk they differ consider-
ably (Fig. 2).

C. Flow in a cylindrical duct

The other extreme case is that of a small cylindrical
cross section. Written in cylindrical coordinates with the as-
sumption of circular symmetry the momentum conservation

equation, Eq(1) from above, becomes
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FIG. 3. Real(a) and imaginary partb) of the damping factor function

Q(s).
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In this caser is a parameter that is zero at the center of the
duct and becomeR at the walls. Changing the variable to
z=r/s/v, this equation can be transformed into a modified
Bessel equation of zeroth ordésee Ref. 2, p. 374, 9.6.1
Using only solutions that have no singularity at zero, and
taking the nonslip condition(R)=0 into account, the solu-
tion becomes

Iow%)) &

~1o(RVS/v)
Here | o(X) represents the modifietbr hyperboli¢ Bessel
function of the first kind of zeroth order. Again, for suffi-

ciently high frequencies, or large cross sections, this solution
looks like the other two, as is seen in Fig. 2.

1
u(r,s):—gpX 1

D. Volume velocities

Volume velocities are obtained by integrating the axial
particle velocity over the cross-sectional area of the duct. In

and 50 Hz(b). The wall is to the right in each case, where the flow is zero. the case of the rectangular chantede Fig. }, ignoring the

In the computation, the term p, /(ps) in u(r,s) was dropped for normal-
ization.

effects at the wall of the small sides, the result is
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1

tank( R\/%)) are located more to the right for higher values of the ratio
-, (8) and to the left for lower value, while the maximal similarity
R\/% (but not identity between cased) and(c) can be found for
where the change of variabld®8=A,/(2b) was used to a ratio of about 2.

Ao
UR(S)=—|0X(S)5

eliminateb.
For the case of a cylindrical duct, the flow given by Eq.
(7) is integrated over a disk, witRS,/A,=2. This and the !l EFFECTS ON VOCAL TRACT TRANSFER

fact that [}l o(x) dx=yl.(y), wherel,(y) represents the FUNCTION

first-order modified Bessel function of the first kind, can be

- For a tube with a time-constant cross-sectional area
used to obtain

A(x), the Laplace transformp(x,s), of the pressure, and
U(x,s) of the volume velocity obey the following differen-

I, (Rys/v) © tial equationgsee also Ref.)3

Ao
Uc(s)=—px(s) sp 1 ZRWIO(R@) :
p
&p(x,s)= —SMU(X,S),
All three expressions for volume velocitg), (8), and (11)
(9) are of the formU (s) = — p,(S) (Ag/sp) Q(S) whereQ(s) d A(X)
is a frequency-dependent damping factor. The following gy Y(*:S)=—S pC2 P(X,S).
three versions 0€Q(s) are shown in Fig. 3:

This system can be written in matrix form while including
Q(s), which now is written a®)(x,s) in order to represent

2 10 its dependence upon the cross-sectional areavi the hy-
- R\S/v (103 draulic radiusR [see Eq(10)]:
tanh(RV/s/v) d [ p(x,s) p(x,s)
={1-— - 10b — = '
R N NET o Hluxs) L(X’S)(wx,s))
1(Rys/ 1
1 JaRVSY) (100 0o ¢ P 1
| RV(s/v)lo(RYs/v) _ A(x) Q(x,s)
A(X) 0
—-s
[Eqg. (10@ boundary layer approximation, E¢LOb) rectan- pc?
gular duct, Eq(10¢ cylindrical duci. As can also be seen in (X,5)
Fig. 3, the third form ofQ(s) [Eq. (10c), dotted graphin- (S(X’ s))' (12

cluding the Bessel functions approaches the first fOEn.
(103, solid graph and according to Eq4), already for rela- By calculating the matrix exponent aixL(x,s), shown
tively low frequencieqthe frequency scales are logarithmic above, a propagation matrix for a constant area tube segment
to emphasize the difference between the curves for low freef length Ax is obtained. It transforms variables at one end
guencieg For the rectangular ca$&qg. (10b), dashed graph of a segment with constant properties of lendtk to the

in Fig. 3] the ratio of 5 between sides was used. The curvesariables on the other end,

1
P(x+Axs)| _ cosh ¢(x,s)) - msmh(aﬁ(x,S)) p(x,s) ’ (13
U(x+AXx,s) _ U(x,s)
—Y(X,8)sinh(¢(x,8)) coshl ¢(x,s))
|
using the following functions, evaluated at poit The transfer function of, for example, a vocal tract can then

be obtained by multiplying the partial chain matrices, while
accounting for the radiation impedance. To be able to com-

ropacation phase: sg—m{:(x 5)= Ax s pare the effects of viscous losses for different geometries, we
propag P T c ' ¢ JQ(x,s) make the assumption that a piece of tube is terminated with

14 a simplified radiation impedance, which is obtained as a low

(14) implified radiation i d hich is obtained I
order frequency approximation of radiation load of a piston

) —— set in an infinite plane bafflesee, for example, Ref.)3The

pC Qx:s). (15) radiation impedance is

. A(X) A(X
admittance: p—c—>Y(X.S) =
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all cases. It can be seen that the two curves for the cylindrical
tube, one resulting from the boundary layer approximation,
using the square-root afin Q(s), and the other using modi-
fied Bessel functions, are very nearly the same for frequen-
cies as low as 50 Hz.

........... no viscous loss

35 — cylindrical

sl boundary layer approx
---= rectangular

x0TI IR

IV. RATIONAL APPROXIMATION AND DIGITAL
FILTERS

The three expressions f@(s) can be used to obtain an
1 10° analytical description of the volume velocity over frequency,
Frequency [Hz] while a digital filter implementation to simulate vocal tract

FIG. 4. Input impedance of a thin exponential tube of 100 cm length, mod-aCOl'IStICS requires rational EXpressions. The three representa-

eled by 25 constant segments of equal length. The area starts from 9.1 cHONS 0f Q(s) that have been considered here involve a

and ends at 0.1492 éniThe radiation impedance is calculated from the final square root of frequency law for the boundary layer approxi-

segment's area. The curve with the highest pedkss is input impedance  mation, hyperbolic functions, or hyperbolic Bessel functions.

with no viscous loss, the other curves are obtained by taking the viscous lo . .

into account using three different models. The curve for the rectanguIasrfhes_e result in nearly th,e same mflgencg on the transfer

cross sections is calculated for a |ength ratio of 1:8. fUﬂCtIOﬂ HOWEVGI’, the ratlonal appl’OleathﬂS Of the Iatter
two functions are more easily obtained than for the square
root-of-frequency dependence. This is becayseossesses

(8a/3mc)s an essenﬂgl smgular_lty at zero, while the two other functions

have only isolated singularities.

For the case of the functiditanh§)]/v/X, a straightfor-
where a is the piston radius. (16)  ward method of implementation as a filter can be based on

A v d denote the el ts of the d t,the infinite product representation of the sinand coskx:
S commonly done, we denote the elements ol the GUCLSyq nction sintx has zeros at 0 and atikm, k=1,...00,

propagation matrix asi(5), which can be obtained by mul- and cosix has zeros atri(2k—1)m, k=1, .. Since the
tiplying the individual propagation matrices of all segments, ¢ cintx at zero is eliminated k;y %/ Y
together. Its determinant is equal to 1 since it is obtained as

10" 0’

_ e
Zied S)= 2 T (Bmalibo)s

product of matrices of the type shown in E43). The vol- tanhx  sinhx

ume velocity transfer functionH(s), defined here as the "X xcoshx

ratio of volume flow at the radiating end of the tube divided .

by volume flow across the beginning, and the input imped- “T1 1+ X%k therefore:
anceZi,(s), are Tl T ax@(2k—1)242 herelore

— * 2,2
H(s)=A_% and Zm#%- 17 tanh&: L+ x/kCm . (18)
rad rad \/; k=1 1+4x/(2k—1)w

Figure 4 shows the input impedance for a very thin exponen- A digital filter can then be obtained by truncating the

tial horn that has either circular cross sections or rectangulargroduct at some finit&l and replacing the Laplace variatsie
cross sections. In both cases, the cross-sectional areas VEHya bilinear transform

from 0.1 to 0.1492 crhexponentially; in the cylindrical case

the hydraulic radiuf varies from 0.1784 to 0.2179 cm, and 1-z71 . .

R varies from 0.0559 to 0.0683 cm in the rectangular casz—:§_>2f51+z*1 whereby fs is the sampling frequency.
(where the ratio of long to short side was set joRor such (29
small cross sections and hydraulic radii we expect a strongp,q resulting approximation @(s) of Eq. (10b) is a series
effect of the viscous losses and differences among the thre& siaple bilinear filters with poles at

different situations. In order to separate the effects of viscous

losses from the effects of losses by radiation, the same radia- 4« — (2k— 1)%w? ith o R_z o -

tion impedance, namely that of a circular piston, is used in da+(2k—1)%72 Wi a= v s

N [2k—1
Q(S)—>1—H< ?
k=1

)2 (a+kem?)—(a—Km?)z "
(4a+(2k—1)°7?)—(da—(2k—1)°7%)z 1

(20

It should be noted that all poles of the resulting digital filter gular duct with two approximations by five and ten product
lie within the unit circle. Figure 5 shows a comparison of terms.
magnitude of the exact functio@(s) for a case of a rectan- The convergence of the product type of approximation is
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somewhat slow. Better methods are based on Rageoxi-
mations or continued fraction expansiofsee Ref. 4 In
short, the[ L/M] Padeapproximation of a functiori(s) is a
rational function with numerator degréeand denominator
degreeM which best represents Il + L + 1-degree series
approximation(e.g., Taylor or MacLaurinof the function.
(Working implementations of this method can be found in

2

Maple or in the Mathematica software which was used in this

work.) The rational approximation of the functid@(s) by

Pade approximants has strong advantages over Taylor or

MacLaurin series approximation because of a considerably

wider range of close approximation. The representation ifRvs/v Io(Rys/v)

digital filters is obtained in two step$a) approximation of

the trancendental functions by rational function in the gener-

alized frequency, os, domain;(b) mapping of the resulting
rational functions into digital filters by means of the bilinear
transform.

Rational approximants for the functiolgg(s) are then
found based on, for example [4/6] Padeapproximation:

0.8}

— Q(s) rectangular
w5 product approx
- 10 product approx
---- [3,4] rational approx

0.2}
0 R R
107* 10° 10° 10*
Frequency [Hz]
1r ,oommoozzpnmnaes
0.8} b
> 0.6}
§ — Q(s) cyclindrical
---- [2,3] rational approx
0.41 --- [4,5] rational approx
0.2}
0
107* 10° o 10*

1
Frequency [Hz]

FIG. 5. Magnitudes of the functio®(s) and its approximationga) The
case of a rectangular cross section. TBe4] rational approximatiorup-
permost dashed curves based on theg6/8] Pade approximation of
tanh{)/x. (b) Circular cross section. TH, 3] and[4, 5] rational approxi-
mations result fronj4/6] and[8/10] Padeapproximations of ;(x)/xlq(x).
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tanh(Ry/s/ v) 1+ 33% " 295%
R\/% - 5 2 2 1 3
I+ 17 59X 10395¢
R2
with x=75. (21
Similarly,
1, (RyS/ )
1 1 1 )
L MR th x=os. (@22
~§1+5 . 1 . 1 3W| X—7S. (22
24*" 160" " 46080°

Note that both functions being approximated are even
functions, and, thus, only even powers of their arguments
appear in the Padapproximation.

It is also possible to use the continued fraction expan-
sion (CFE) of the above expressioniRef. 4, pp. 175177
The following CFEs, if truncated as shown, are equivalent to
the [4/6] Padeapproximants:

tanhyx 1
N = " (23
X1y
X
3+
X
5+
X
7+
9+ 2
11+...
and
h(Vx) 1 -,
X
Wlo() 5, .
4+
X
6+
X
8+
10+ 35

The CFE for tanh, from which Eq23) is obtained, can
be found in Ref. 2(p. 75, 4.3.94. To obtain Eq.(24), the
continued fraction expansion df(x)/Jo(X) given in Ref. 4
was transformed to obtain the above CFE for the expression
with the modified Bessel functions. Since these CFEs are
valid also forx=0, the essential singularity at 0 caused by
the square root in the boundary layer approximation is not
present in these approximations.

A simple transformation of the expressio(23) and
(24), obtained by dividing every other fraction of the CFE by
X, yields an electrical network whose input impedance is
equal to the approximated functions above. This electrical
network structure is shown in Fig. 6.
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L 4 m ns wards and backwards traveling waves, sampled at a sampling

” ” ” ”_' time interval that is proportional to tube segment length.
J; Q1 Qs @9 @13 While in the lossless Kelly—Lochbaum mod@Ref. 5 the
'OL delay elements, for frequency-dependent viscous loss these

traveling waves in each segment are represented by simple
FIG. 6. The input impedance of the electrical network shown here approxiare replaced by more general digital filters.

mates tanh/gl\/g [see Eq.(23)], since the CFE of this function can be The transformation from pressure and volume flow rep-
rewritten as ! I resentation to forward and backward traveling waves is given
1+ I by
3/s+ . 1
Cp
7ls+ 1 —
° g Lt \Vas p A(X) D
11/t —— v-|=RX|y|= ul (29
13+ _ Cp
A(X)

Using the above transformation from left and right, the
V. SKETCH OF A DIGITAL IMPLEMENTATION ABCD matrix of a segment is transformed into a transmis-
sion matrix that relates forward and backward traveling
The implementation of a digital simulation of wave waves at the beginning and end of a segment of ledgth
guide acoustics in the time domain is accomplished by for{for brevity Q(x,s) is written asQ]:

AXx s 1+Q  [Ax s Q-1 [Ax s
COoS T\/_—Q —ﬁsm T\/_—Q —ﬁsm T\/_—Q
G(x,5)= (26)
Esink(g i) cos?‘(g i) + ﬂsin%(g i)
2\Q ¢ JQ ¢ JQ/ 2VQ ¢ JQ

Since sinh is an odd function and cosh is an even function of its argument, the squarfQ®Xk), never appears or can be
canceled in rational approximations of the above expressions. For example, ugitthtiradeof sinh, the following rational
approximation is obtained:

1+Q r(Ax s
—=SINN| — —
2VQ ¢ JQ

1+Q s( Ax/c+ 5 (Ax/c)*s?IQ+ rifn(AX/c)®s'Q?)
2 1— 22 (Ax/c)?S?IQ+ 1i355( Ax/c)*s*/Q?

(27)

Similar expressions containing rational functions with Ax/c are cancelled if the sampling frequency is chosen as
powers ofs and Q(x,s) are obtained for the other compo- fs=c/Ax.
nents ofG(x,s). The structure of a digital filter corresponding to the ana-
The transformation into digital filters then requires thelog filter s/Q(s,x) is a lattice structure that can be derived by
implementation of a rational approximation and bilinearreplacing the variables by the bilinear transform and by
transformation of the filtes/Q(s,x), and powers of this fil- Using Euler’s recursiofsee Ref. 4, p. 125or the evaluation
ter are obtained by cascading the same filter structure. Tref continued fractions. The bilinear transformation preserves
analog filter with transfer functios/Q(s,x) is a differentia- the stability property. The resulting structure has one delay-

tor (multiplication by s) followed by one of the two CFEs free path which can be eliminated by ggneral!zing a method
[Egs.(23) or (24)] in a feedback loop. that was shown for a special class of filters in Ref. 6. The

The absolute value of the input impedance of the tWopracFicaI implementatiory and verification of these digital fil-
. . . o ters is currently a work in progress.

passive electrical networksee Fig. §is limited from above

by 1. Therefore, an analog system with these networks in the

feedback loop must be stable. In fact, it can be shown by

induction that for all truncated CFEs of this form, all except

one pole of the approximated filtefQ(s,X) are on the nega- ACKNOWLEDGMENT
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